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Abstract 
 
Catastrophic failures of the rotating machineries can be avoided by tracing the faults generated in the rolling contact 
bearings used for supporting these machines and are important sources of noise, vibration as well as sudden stoppage 
of the entire production or interruption of processes. A generalized model is developed using Matrix Method of 
Dimensional Analysis (MMDA) to establish dimensionless correlation between the response and consequence 
parameters for the assessment of localized surface defects in the different components of taper roller bearings tested 
on a developed test rig. Response surface methodology (RSM) is employed for the experimentation and to explore the 
dependence of various factors on the vibrations of these bearings. A numerical analysis performed in the study showed 
the effectiveness of MMDA model along with frequency domain scrutiny of the vibration data for detection of 
localized bearing defects.    
 
© 2016 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
 
Antifriction bearings are the inevitable parts of aerospace, manufacturing, agriculture industries to name a few 
employing variety of such bearings in different applications. The vibration based damage detection in the bearing done 
by examining the bearing vibration frequencies and their amplitudes or analyzing the statistical parameters of the 
vibration signal referred to as frequency domain and time domain analysis respectively. One of the earlier attempts 
have made by P. D. McFadden and J.D.Smith [1] and developed mathematical model to describe the vibration 
produced by a single point defect on the inner race and further extended this work to detect multiple defects [2]. 
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The model presented by [3] predicted a frequency spectrum and corresponding peaks at characteristic defect 
frequencies with modulations in the case of a rolling element defect and an inner race defect under a radial load. The 
amplitudes at these frequencies also predicted for various defect locations considering the effect of both radial and 
axial load and pulse shape on the vibration amplitude. This paper [4], extended the bearing model using Hertzian 
contact theory to include rolling element centrifugal load, angular contacts and axial dynamics and illustrated their 
effects in a rigidly supported rigid and flexible Rotor Bearing Systems [RBS] and shown dependence of chaotic motion 
and jump phenomenon on the radial clearance. An analytical model developed here, [5] to investigate the nonlinear 
dynamic behavior due to cage run-out and varying number of balls and reported that, increasing the number of balls 
results into reduction in vibration amplitude. Choudhury and Tandon [6] developed a theoretical model that predicted 
significant frequency components and their harmonics at particular characteristic defect frequency. In this paper [7], 
a shaft-bearing model developed in order to investigate the rolling element vibrations for an angular contact ball 
bearing with and without defects and reported that the vibration energy increase with the advancement of the defect. 
Ghafari et.al [8] formulated nonlinear mathematical model and concluded that the localized defects along with 
interactions with speed generates chaotic vibrations. Multi-body dynamics of healthy and faulty rolling element 
bearings were modeled using vector bond graphs [9] and showed the relevance of the bond graph modeling in 
identification of the structural damages in the bearings. H. Ohta and N. Sugimoto [10] experimentally investigated 
vibrations of tapered roller bearings having distributed defects particularly waviness under several rotational speeds 
and axial loads. F.K.Choy et.al. [11], applied chaotic vibration analysis technique known as modified Poincare 
diagrams to identify damages in ball bearings and tapered ball bearings and their effectiveness in pinpoint damage 
compared in this study. Recently, R. G. Desavale et.al [12,13], developed a model based on experimental data to test 
damaged fibrizer roller bearings in different working conditions by method of dimensional analysis and reported that 
the method is effective in identification of the level of damages due to localized bearing defects. In this study analytical 
expressions have been derived for prediction of amplitudes of significant frequency components and numerical results 
are compared with the experimental results. 
2. Mathematical Formulation 
 
A numerical model is developed for the assessment of vibrations in taper roller bearing for the fault identification by 
MMDA considering different parameters affecting its dynamic behavior as listed in Table 1. Let,  TnDDDD ,...,, 21 
denote the design factors,  TnUUUU ,...,, 21 denote the uncontrollable factors and  TnCCCC ,...,, 21 denote the 
controllable factors. Suppose, the following function designates the dependence of bearing vibration response (Y) on 
these factors as,  
 
),,( CUDfy    (1) 
 
This relationship in equation (1) is derived using dimensional analysis. Where, function ‘f’ represents the pragmatic 
relationship between response/dependent variables and independent variables. All variables involved in the dynamic 
behavior of the taper roller bearing can be expressed as in Table 1 in terms of three basic dimensions [14] — the length 
dimension L, the time dimension T and either the force dimension F or the mass dimension M. The system of 
dimensions FLTθ is used here. From the above set of factors, the pitch diameter, speed and radial load have been 
chosen as the repeating variables and the numbers of repeating variables are equal to number of fundamental 
dimensions [14, 15].The dimensional matrix of the repeated variables can be written as in Table 2.  
The dimensional matrix of the unrepeated variables can be written as in Table 3. The dimensional matrix of the 
unrepeated variables is of the order (3xn), where ‘n’ is the number of unrepeated variables [16]. The number of 
dimensionless groups equals the number of the unrepeated variables. As per the MMDA, any nth dimensionless group 
can be formulated as [16], 
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Table 1 Parameters for Mathematical Modeling 
Sr .No. Factors Symbols Unit Dimension 
ܦଵ Cone bore diameter d mm L 
ܦଶ Cup outside diameter D mm L 
ܦଷ Cone length B mm L 
ܦସ Pitch diameter d1 mm L 
ܦହ Rolling element diameter dr mm L 
ܦ଺ No. of rollers Z - F0 L0 T0 
ܦ଻ Mass of inner race mi kg F1 L-1 T2 
ܦ଼ Mass of outer race mo kg F1 L-1 T2 
ܦଽ Mass of shaft/rotor ms kg F1 L-1 T2 
ܦଵ଴ Mass of roller mr kg F1 L-1 T2 
ܦଵଵ Length of roller L mm L 
ܦଵଶ Contact angle α Degrees F0 L0 T0 
ܦଵଷ Young’s modulus E N/m2 F1 L-2 
ܦଵସ Material density ρ kg/m3 F1 L-4 T2 
ଵܷ Bearing deflection Δ mm L 
ଶܷ Hertzian contact force FH N F 
ଷܷ Constant for contact deformation K N/mm1.11 F1 L-1.11 
ସܷ Damping coefficient C N-s/mm F1 L-1 T1 
ܥଵ Defect size Δ mm L 
ܥଶ No. of defects nd - F0 L0 T0 
ܥଷ Radial clearance rc mm L 
ܥସ Speed of shaft N rpm T-1 
ܥହ Radial load W N F 
ܥ଺ Axial load Fa N F 
ܥ଻ Unbalance Mu gram F1 L-1 T2 
ܥ଼ Lubricant viscosity ν mm2/s L2T-1 
ܻ 
 
Vibration amplitude (g) ݔሷ  m/s2 LT-2 
Inner race defect frequency fBPFI Hz T-1 
Outer  race defect frequency fBPFO Hz T-1 
Fundamental train frequency fFTF Hz T-1 
Roller spin frequency fBSF Hz T-1 
Roller defect frequency fRDF Hz T-1 
 
Table 2 Dimensional Matrix of the Repeated Variables  
 
Dimension R1 R2 R3 
F R11 R12 R13 
L R21 R22 R23 
T R31 R32 R33 
 
Table 3 Dimensional Matrix of the Unrepeated Variables  
Dimension U1 U2 U3 …………………. Un 
F U11 U12 U13 …………………. U1n 
L U21 U22 U23 …………………. U2n 
T U31 U32 U33 …………………. U3n 
 
Substituting the dimensions of the repeated and unrepeated variables results,  
 
       nCRRRCRRRCRRR
UUU
nnn
nnn
TLFTLFTLF
TLF S 
333231323222121312111
321
 
 
The above equation unknowns C1n, C2n, and C3n can be calculated by representing it as a system of linear algebraic 
equations as, 
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In matrix form, this system can be rewritten as; 
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The solution of above equation can be obtained simply as doing matrix inversion. By repeating the procedure for all 
nonrepeating variables, a set of dimensionless groups are obtained and are listed in Table 4.  
 
Table 4 Dimensionless Variables 
TermS  TermS  TermS  TermS  
2
1 Nd
x
R
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Therefore, the phenomenon of bearing vibration can be expressed as [14], 
  28321 .....,..............................,.........,, SSSSS fR   (2) 
 
Equations (1) and (2) are functionally similar. Now, as here number of dimensionless variables are still more, they are 
further reduced by performing the following operations [17] and are listed in Table 5. Therefore, the equation (2) gets 
simplified as, 
  282422211918161211 ..,,.........,,,,,,,,,,.........,, SSSSSSSSSSSSSS gcbaR f  ሺ3)
 
Table 5 Simplified Dimensionless Variables 
SimplifiedS  SimplifiedS  SimplifiedS  SimplifiedS  
1
2
S
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S
SS  b 
10
9
S
SS  c 
15
20
S
SS  d 
65
4
SS
SS u e

13
32014
S
SSSS uu f 
2317
1
SSS u g
 
 
Assuming constant,  211918161211 ,,,,,,,,, SSSSSSSSSS\ dcbaf 
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The constant ߖ represents the variables which will not be varied during the experimentation [17]. Hence, equation (3) 
can be rewritten as,  gfeR f SSSS\S ,,,, 22  (4) 
Hence, the relationship in equation (4) can be formulated as [14], [17], 
 
        4321 22 agafaaeR SSSS\S uuuu 
 
(5) 
  
3. Computational Solution of Governing Equation 
 
The governing equation (5) is solved by multiple factorial regression [18] and the constants a0, a1, a2, a3, a4 are obtained 
by performing the following mathematical treatments. If ‘n’ experiments are to be performed then the response of i th 
experiment can be calculated as,  
443322110 iiiii xaxaxaxaay   (6) 
 
The results of all ‘n’ experiments can be summed up as, 
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As, there are five unknown to be determined we require five simultaneous equations, hence other equations are 
obtained as, multiplying equation (7) byݔ௜ଵ,ݔ௜ଶ,ݔ௜ଷ,ݔ௜ସ one by one separately as follows, 
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Equations (7) to (11) are simultaneously solved for the unknowns. After obtaining the unknowns, equation (5) is 
used as a model equation to obtain vibration amplitude of defective bearings.  
 
4. Response Surface Methodology 
 
RSM is a collection of mathematical and statistical techniques that are useful for modeling and analysis in applications 
where a response of interest is influenced by several variables and the objective is to optimize this response [19, 20]. 
Central composite design (CCD) and Box Behnken design (BBD) are the two classes of the response surface designs. 
The present work uses the Box Behnken design [20]. The design is developed by Box and Behnken in 1980, and useful 
method for developing second-order response surface models. BBD considers factors with three levels and fifteen trial 
runs for three factorial designs are planned using MINITAB software. 
 
Table 6 Coded and real factors for experimental runs 
 
Factors 
Coded factors Real factors 
L1 L2 L3 L1 L2 L3 
Δ -1 0 1 1 1.5 2 
N -1 0 1 900 1100 1300 
Mu -1 0 1 25 50 75 
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5. Instrumentation and Experimental Analysis 
The experimental setup used for this study is shown in Fig. 1. The experimental setup consists of the shaft driven by 
D.C. motor at different speeds using the variable frequency drive arrangement. 
 
 
Fig. 1. Experimental Setup 
  
Fig. 2. Artificially induced defects 
 
A constant radial load of 2000 N is applied using hydraulic loading arrangement and bearing is lubricated with SKF 
LGMT 3 type grease having base oil viscosity of 120 mm2/s. The test bearings are single-row taper roller bearings 
SKF 30205 J2/Q having density 7800 Kg/m3 and equivalent Young’s modulus 2.2 X 1011 N/m2 for steel on steel 
[21]. The constant for contact deformation K, can be calculated by using the relation 3.46 X 104 L8/9 [6], [21]. The 
other parameters of this bearing are, d=25; D=52; B=16.25; Z=17; α= 14.036; d1=38.329; dr =6.79; L=10. A 
piezoelectric accelerometer (Adash-AC102-1A) with a sensitivity of 100 mV/g is used to measure the radial bearing 
vibrations. In this study single and multiple point defects of different sizes as listed in the table 6 have been induced 
on the selected taper roller bearing as shown in the Fig. 2, by electric discharge machining method. 
 
6. Results and Discussion 
 
The governing equation (5) is solved and vibration amplitude is obtained as given in Table 7.  
 
Table 7 Experiment Design Sheet and Comparison of Results 
Trial Δ N Mu 
Vibration amplitude (g) 
Model  Experiment 
1 1.0 900 50 0.0293 0.0297 
2 1.0 1100 75 0.0448 0.0496 
3 2.0 1100 75 0.0617 0.0571 
4 1.0 1100 25 0.0345 0.0318 
5 2.0 900 50 0.0403 0.0416 
6 1.0 1300 50 0.0536 0.0576 
7 1.5 1100 50 0.0491 0.0477 
8 1.5 1300 75 0.0703 0.0711 
9 2.0 1300 50 0.0737 0.0670 
10 1.5 1100 50 0.0491 0.0477 
11 1.5 900 75 0.0389 0.0445 
12 1.5 1300 25 0.0547 0.0583 
13 2.0 1100 25 0.0475 0.0502 
14 1.5 1100 50 0.0491 0.0477 
15 1.5 900 25 0.0299 0.0309 
 
6.1 Analysis of variance  
 
In order to study the significance of the variables towards vibration amplitude, analysis of variance (ANOVA) was 
performed on the experimental data and is given in Table 8. The ANOVA on the resulting data have produced an R2 
value of 0.9982, and F-value of 314.14 which, with an associated p-value of 0.000 indicates no chance that an F-value 
that large could arise from noise in the data. The values of the p less than 0.05 indicate that the corresponding model 
terms are significant [22]. Regression analysis in terms of un-coded units is given in Table 9. 
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Table 8 Analysis  of Variance for the Vibration Amplitude 
Parameter DF Sum of squares Mean square F P 
Regression 9 0.002113   0.000235    314.14   0.000 
Linear  3 0.002044 0.000017 22.17 0.003 
Square  3 0.000036   0.000012 16.07   0.005 
Interaction 3 0.000034   0.000011 15.00 0.006 
Residual Error 5 0.000004   0.000001   
Lack of Fit 3 0.000004   0.000001           
Pure Error 2 0.000000 0.000000   
Total 14 0.002117    
R2= 99.82% 
 
Table 9 Regression Coefficients and P-value  
  Term Coefficient P-Value 
Constant -0.0157313 0.399 
Δ 0.0459750 0.002s 
N -6.45625E-05 0.056 
Mu 0.000492500 0.013s 
Δ*Δ        -0.00530000 0.032s 
N*N         6.50000E-08 0.002s 
Mu*Mu      1.44000E-06 0.102 
Δ*N         -6.25000E-06 0.208 
Δ*Mu       -2.26000E-04 0.001s 
N*Mu       -4.00000E-08 0.663 
sSignificant 
 
It is also observed from the Table 9 that the shaft speed, unbalance, and interaction effect between the defect size and 
unbalance significantly contribute since the corresponding p-value is less than 0.05. Fig. 3 (a) revealed that, for all 
values of the speeds, vibration amplitude increases with an increase in the defect size. It is observed in Fig. 3 (a) and 
3 (b) that amplitude value at higher defect size and at higher unbalance and higher speeds is high. 
 
 
 
Fig. 3. (a) Interaction plot: amplitude Vs defect size, speed 
 
 
 
Fig. 3. (b) Interaction plot: amplitude Vs defect size, unbalance 
 
 
Fig. 3. (c) Interaction plot: amplitude Vs unbalance, speed 
  
 
Fig. 3. (d) Surface plot: amplitude Vs defect size, unbalance 
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Also, it is seen in Fig. 3 (c) that vibration amplitude increases with increase in speed for all the values of unbalance. 
The p-value greater than 0.05 from table 9 indicates that the interaction effect between defect size, speed and 
unbalance, speed are less significant. From Fig.3 (d) it is evident that with increase in unbalance and defect size, 
vibration amplitude increases. 
7. Conclusions 
Analytical model developed in this study based on MMDA has provided an efficient approach in recognizing the 
damaged bearing state which can be easily implemented in the condition based preventive maintenance strategies. 
Based on this study the following conclusions can be drawn: 
x Response surface method along with MMDA proved to be successful technique in identifying the structural 
damages in bearings. 
x As compared to conventional Buckingham’s Pi theorem, MMDA is more effective because non-dimensional 
terms are easily obtained simply by doing matrix inversion. 
x Interaction of defect size and unbalance is the most significant factor which increases the vibration amplitude. 
Also, Interaction effect of speed is also found to be the significant factor which increases the vibration 
amplitude even if the defect size is smaller. 
x At smaller defect size, even a small increase of unbalance significantly increases the vibration amplitude. 
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